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Some basic theorems in the theory of locally convex spaces are reformulated 
using the concepts of disk, subdisk, and subcompact set. A new proof of James’s 
theorem is obtained. 
Some preliminary acquaintance with vectorial topology, as presented by 
Bourbaki [l] is presumed. All topological vector spaces are assumed to be 
HausdorR vector spaces over the real numbers. 
A nonempty convex subset of a topological vector space is said to be a disk 
if its intersection with the closure of a convex set is empty whenever its inter- 
section with the convex set is empty. 
This condition appears as a natural hypothesis in the disk formulation of 
the Hahn-Banach theorem. 
THEOREM 1. If A is a disk of a topological vector space B and if C is a non- 
empty convex subset of B which is disjoint from A, then a continuous linear func- 
tional on B exists which maps A and C into disjoint sets. 
A characteristic property of disks is often useful in other contexts. 
THEOREM 2. If A is a disk of a locally convex space B and if C is a convex 
subset of B, then the intersection of A with the closure of C is contained in the 
closure of the intersection of A with C. 
Disks behave like open sets. 
THEOREM 3. The intersection of two disks of a locally convex space is a disk 
if it is not empty. 
Every nonempty convex open subset of a topological vector space is a disk. 
A locally convex space is said to be disked if every disk is an open set. 
THEOREM 4. Every locally convex space admits a disked topology whose 
closed convex sets are the same as for the given topology. A linear functional is 
continuous for the disk topology if, and only if, it is continuous for thegiven topology. 
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The disk topology of a locally convex space is otherwise known as its Mackey 
topology. The present treatment is new only in the characterization of the 
convex open subsets for the topology. This apparently small difference is 
however essential in applications, as will be seen. 
THEOREM 5. A continuous linear transformation T of a locally convex space A 
into a locally convex space B is continuous from the disk topology of A into the disk 
topology of B. 
The disk topology is well-behaved in quotient spaces. 
THEOREM 6. If A is a closed vector subspace of a locally convex space B, 
then the disk topology of the quotient space B/A is the quotient topology of the disk 
topology of B. 
Another approach to disks is obtained from their relation to linear functionals. 
THEOREM 7. A subset of a locally convex space is a disk if, and only if, it is a 
disk for the strongest locally convex topology and e-very linear functional which 
maps the set into a proper subset of the real numbers is continuous. 
A point b is said to be a center of a convex set C if b belongs to C and if 
2b - a belongs to C whenever a belongs to C. If a convex set is centered at the 
origin, then the set of all its centers is a vector space. 
THEOREM 8. If A is a disk of a locally convex space B, then the closure of A 
is equal to the closure of A for the strongest locally convex topology. If the disk is 
centered at the origin, then the set of all its centers is a closed vector subspace of B. 
The norm topology of a Banach space is disked. The unit disk of a Banach 
space is the set of elements of norm less than one. A subset of a Banach space 
is a disk if it is a disk for the strongest locally convex topology and if its closure 
is equal to its closure for the strongest locally convex topology. 
A disk U for the strongest locally convex topology of a vector space B is said 
to absorb a subset C of B if for some point b of U a positive number E exists 
such that (1 - t)b + tc belongs to U whenever c belong to C and 0 < t < E. 
If this condition holds for some point b of U, then it holds for every point b of U. 
A subset of a locally convex space B is said to be bounded if every continuous 
linear functional on B maps it into a bounded set. 
THEOREM 9. A disk of a locally convex space B absorbs bounded sets. 
The theory of compactness in dual spaces depends on the disk formulation 
of Alaoglu’s theorem and its converse. 
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THEOREM 10. Let B* be the dual space of a locally convex space B in its weak 
topology induced by B. If U is a disk of B which is centered at the origin, then 
the set C of elements of B* which map U into the unit disk of the real numbers is 
a compact convex set which is centered at the origin. And U is the set of elements 
of B which map C into the unit disk of the real numbers. 
The converse theorem is due to Smulian. 
THEOREM 11. Let B* be the dual space of a locally convex space B in ‘its 
weak topology induced by B. If C is a compact convex subset of B which is centered 
at the origin, then the set U of elements of B* which map C into the unit disk of 
the real numbers is a disk of B* which is centered at the origin. And C is the set 
of elements of B which map U into the unit disk of the real numbers. 
The disk concept is a tool in the search for compactness in dual spaces. 
THEOREM 12. Let B* be the dual space of a locally convex space B in its weak 
topology induced by B. Then every closed and bounded subset of B* is compact if, and 
only if, every disk for the strongest locally convex topology of B whose closure is 
equal to its closure for the strongest locally convex topology is a disk. 
Let B be a locally convex space considered in the weak topology induced 
by its dual space B*. A nonempty convex subset of B is said to be a subdisk 
if its intersection with the closure of every convex set whose closure is compact 
is empty whenever its intersection with the convex set is empty. 
The subdisk concept is used in the subdisk formulation of the Hahn-Banach 
theorem. 
THEOREM 13. Let B be a locally convex space considered in the weak topology 
induced by its dual space B”. If A is a subdisk of B and if C is a nonempty convex 
subset of B which is disjoint from A, then a linear functional on B exists which is 
continuous on compact convex sets and which maps A and C into disjoint sets. 
The properties of subdisks are similar to those of disks. 
THEOREM 14. Let B be a locally convex space considered in the weak topology 
induced by its dual space B*. If A is a subdisk of B and if C is a convex subset of B 
whose closure is compact, then the intersection of A with the closure of C is contained 
in the closure of the intersection of A with C. 
Subdisks, like disks, are well-behaved under finite intersections. 
THEOREM 15. The intersection of two subdisks of a locally convex space is a 
subdisk if it is not empty. 
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A locally convex space is said to be subdisked if every subdisk is an open 
set. 
THEOREM 16. Every locally convex space B admits a subdisked topology 
whose weakly compact convex sets are the same as for the given topology. A linear 
functional is continuous for the subdisk topology t.., and only if, it is continuous 
on weakly compact convex sets. 
The significance of the subdisk concept lies in the Grothendiek completeness 
theorem. 
THEOREM 17. Let B be a locally convex space in its disk topology and let A 
be the same space in its subdisk topology. Let B* be the dual space of B in its weak 
topology induced by B and let A* be the dual space of A in its weak topology 
induced by A. Then B* is contained in A* and the disk topology of B* is the 
subspace topology of the disk topology of A*. The space B” is dense in the space A* 
in its disk topology, and A* is complete in its disk topology, 
The subdisk topology is well-behaved under continuous linear transforma- 
tions. 
THEOREM 18. A continuous linear transformation of a locally convex space A 
into a locally convex space B is continuous from the subdisk topology of A into the 
subdisk topology of B. 
Subdisks are characterized by continuity properties of linear functionals. 
THEOREM 19. Let B be a locally convex space in its weak topology induced 
by its dual space B”. A subset of B is a subdisk if, and only if, it is a disk for the 
strongest locally convex topology and every linear functional which maps the set 
onto a proper subset of the real numbers is continuous on compact convex sets. 
A generalization of compactness is appropriate in connection with the subdisk 
topology. An existing generalization of compactness is the concept of bounded- 
ness. If iz is a locally convex space considered in the weak topology induced 
by its dual space A*, then a subset of A is bounded if, and only if, its closure 
in the completion of A is compact. Let B be the completion of A in its disk 
topology and let B* be the dual space of B. Then the elements of A* are the 
restrictions to A of the elements of B*. The weak topology induced on A by 
A* is the subspace topology of the weak topology induced on B by B*. A subset 
of A is said to be subcompact if its closure in B, considered in its weak topology, 
is compact. A subset of a subcompact set is subcompact. The union of a finite 
number of subcompact sets is subcompact. A continuous linear transformation 
of a locally convex space into a locally convex space maps subcompact sets into 
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subcompact sets. Every compact set is subcompact. Every subcompact set is 
bounded. 
Another property of subcompactness originates in the Krein-Smulian theory 
of compact convex sets in the dual space of a Banach space [2]. 
THEOREM 20. Let B be a locally convex space considered in the weak topology 
induced by its dual space B*. Then the closed convex span of a subcompact subset 
S of B is subcompact. 
Subcompactness appears in the subdisk generalization of Alaoglu’s theorem. 
THEOREM 21. Let B* be the dual space of a locally convex space B in its weak 
topology induced by B. If U is a subdisk of B which is centered at the or@n, then 
the set C of elements of B* which map U into the unit disk of the real numbers is a 
subcompact convex set which is centered at the origin. 
Subcompactness is also used in the subdisk generalization of Smulian’s 
theorem. 
THEOREM 22. Let B* be the dual space of a locally convex space B in its weak 
topology induced by B. If C is a closed and subcompact convex subset of B which is 
centered at the origin, then the set U of elements of B* which map C into a disk of 
radius less than one about the origin in the real numbers is a subdisk of B* which 
is centered at the origin. And C is the set of elements of B which map U into the 
unit disk of the real numbers. 
An elementary proof of James’s theorem is obtained from the subdisk concept. 
THEOREM 23. A subset of a locally convex space B is subcompact ;f every 
continuous linear functional on B attains a maximum value on S. 
A subdisk formulation of Eberlein’s theorem is a corollary of James’s theorem. 
THEOREM 24. A subset S of a locally convex space B is subcompact tf every 
one of its countable subsets is subcompact. 
Proof of Theorem 1. By Zorn’s lemma, a maximal convex set C exists which 
contains B and is disjoint from A. Since A is a disk, C is closed. A straight- 
forward calculation shows that the complement of C is convex and that a 
continuous linear functional L on B exists which maps C and its complement 
into disjoint sets. 
Proof of Theorem 2. Let b be any point of A which does not belong to the 
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closure of the intersection of A with C. Let U be a convex open set containing b 
which is disjoint from the intersection of A and C. Then the intersection of U 
and C is a convex set disjoint from A. Since A is a disk, it is disjoint from the 
closure of the intersection of U and C. Since U is an open set, the intersection 
of U with the closure of C is contained in the closure of the intersection of U 
and C. So A is disjoint from the intersection of U with the closure of C. It 
follows that the intersection of A and U is disjoint from the closure of C. In 
particular, b does not belong to the closure of C. 
Proof of Theorem 3. Let A and B be two disks of a topological vector space 
whose intersection is not empty. If C is a convex set, the intersection of B with 
the closure of C is contained in the closure of the intersection of B and C by 
Theorem 2. Since the intersection of B and C is a convex set, the intersection 
of A with the closure of the intersection of B and C is contained in the closure 
of the intersection of A, B, and C by Theorem 2. Since the intersection of the 
intersection of A and B with the closure of C is contained in the closure of 
the intersection of A, B, and C, the intersection of A and B is a disk. 
Proof of Theorem 4. Let %? be the class of sets which are intersections of 
complements of disks. By Theorem 3, the class V is closed under finite unions. 
Since the given topology is locally convex, every open set is a union of convex 
open sets. So the sets of class V are the closed sets of a topology and every 
closed set for the given topology is of class %?. Addition is continuous for the 
new topology because the class of disks is translation invariant and because 
every open set for the new topology is a union of disks. The continuity of 
multiplication is obtained by two straightforward verifications: If C is a disk 
and if s is a nonzero real number, then the set of points of the form SC with c 
in C is a disk. If a belongs to C and if b does not belong to C, then the set of 
numbers t, 0 < t < 1, such that (1 - t)a + tb belongs to C is an open interval 
whose left end-point is zero. 
So the sets of class V are the closed sets of a locally convex topology. Consider 
any convex set C of the class. Then the complement of C is a union of disks. 
By the definition of “disk,” every such disk is disjoint from the closure of C. 
Since C is equal to its closure, it is a closed set. So every set of class % is closed 
for the given topology. 
A linear functional is continuous for a vector space topology if, and only if, 
the inverse image of every closed convex set is closed. Since the inverse image 
of a convex set is convex, the continuity condition is the same for the two 
topologies. 
Proof of Theorem 5. If U is a disk of B and if V is a convex subset of A which 
is disjoint from the inverse image of U in A, then the image of V in B is disjoint 
from U. Since U is a disk of B, the closure of the image of V in B is disjoint 
from U. Since T is continuous, a closed subset of A exists which contains V 
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and is disjoint from the inverse image of U. So the inverse image of U is a 
disk of A. 
Proof of Theorem 6. By Theorem 5, the inverse image of every disk of B/A 
is a disk of B. Let U be a disk of B. If V is a convex subset of B/A which is 
disjoint from the image of U in B/A, then the inverse image of V in B is disjoint 
from U. Since U is a disk of B, the closure of the inverse image of V in B is 
disjoint from U. By the definition of the quotient topology, the closure of the 
inverse image of V in B is the inverse image of the closure of V in B/A. It 
follows that the closure of V in B/A is disjoint from the image of U. So the 
image of U in B/A is a disk of B/A. 
Proof of Theorem 7. If U is a disk for the given topology, it is a disk for 
the strongest locally convex topology by Theorem 5. If L is a linear functional 
which maps U into a proper subset of the real numbers, then the image of U 
is bounded above or below because it is convex. If it is bounded below, it has 
a greatest lower bound b. The set of vectors c such that Lc is less than b is a 
convex set which is disjoint from U. Since U is a disk, the closure of the set 
is disjoint from U. Since the closure of the set is a proper subset of the vector 
space, continuity of L follows. A similar argument shows that L is continuous 
if the image of U is bounded above. 
Assume that U is a disk for the strongest locally convex topology and that 
every linear functional which maps U into a proper subset of the real numbers 
is continuous. It will be shown that U is disjoint from the closure of every 
convex set V which is disjoint from U. Assume that V is not empty. By Theo- 
rem 1, a linear functional L exists which maps U and V into disjoint sets. 
Since the image of U is a proper subset of the real numbers, L is continuous. 
Since U is .a disk for the strongest locally convex topology, the image of U 
under L is a disk of the real numbers. It follows that the closure of the image 
of V is disjoint from U. Its inverse image is a closed convex set which contains 
V and is disjoint from U. So the closure of V is disjoint from U. 
Proof of Theorem 8. It follows from Theorem 1 that a point c of B belongs 
to the closure of U if, and only if, every continuous linear functional which 
maps c and U into disjoint sets maps c into the closure of the image of U. 
By the same theorem, a point c of B belongs to the closure of U for the strongest 
locally convex topology if, and only if, every linear functional which maps c 
and U into disjoint sets maps c into the closure of the image of U. But any 
such linear functional is continuous by Theorem 7. So the closure of U is 
equal to its closure for the strongest locally convex topology. 
If U is centered at the origin, every element c of B is of the form sb for a 
positive number s and an element b of U. Define 11 c 11 to be the greatest lower 
bound of such numbers s. The identity 
II SC II = I s I II c II 
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holds for every vector c and every real number s. Since U is a convex set, the 
inequality 
Ml - t>a + GJ II < max(ll a II, II b II) 
holds for all vectors a and b when 0 < t < 1. If u and v are vectors with nonzero 
norms, then a number t exists, 0 < t < 1, such that u = (1 - t)a and v = tb 
for vectors a and b of equal norm. The triangle inequality 
llu+vlI ell~ll+livll 
follows for such vectors u and v. The same conclusion is obtained when the 
norm of u or v is zero by making any choice of t, 0 < t < 1. 
If b is a center of U, then 2b - c belongs to U whenever c belongs to U. 
Since 0 is a center of U, an inductive argument will show that nb belongs to U 
for every integer n and is a center of U. Since the norm of nb is less than one, 
/I b /I = 0. Conversely every vector b such that I/ b 1: = 0 is a center of U by the 
triangle inequality. The triangle inequality now implies that the set of all 
centers of U is a closed vector subspace of B. 
Proof of Theorem 9. With no loss of generality, it can be assumed that U 
is centered at the origin. By Theorem 8, the set of all centers of U is a closed 
vector subspace of B. By a passage to the quotient space, it can be assumed that 
U has no nonzero center. Because of Theorem 7, it is sufficient to give a proof 
of the theorem in the case that every continuous linear functional is bounded 
on U. Then B is a normed vector space with U as unit disk and the theorem is 
well-known in that case. 
Proof of Theorem 10. Let A be the space B in its strongest locally convex 
topology and let A* be the dual space of A in its weak topology induced by A. 
Then B* is contained in A* and has the subspace topology of A*. Since C is 
a closed subset of A* by Theorem 6 and since every closed and bounded subset 
of A* is compact, C is compact. Since B * is considered in its weak topology 
induced by B, the dual space of B* is B. If c is an element of B which does 
not belong to U, then by Theorem 1 an element L of C exists such that Lc 
does not belong to the unit disk of the real numbers. 
Proof of Theorem 11. Consider any convex subset V of B* which is disjoint 
from U. For each convex subset V, of V obtained by intersecting V with a 
finite dimensional subspace of B *, let C, be the set of elements c of C such that 
Lc does not belong to the unit disk of the real numbers for any element L of V. 
Then each set C, is nonempty by the finite dimensional case of Theorem 1, 
and the intersection of a finite number of sets of the form C, is again a set of 
that form. Since the sets C, are closed and since C is compact, a point c belongs 
to the intersection of the sets. Then Lc does not belong to the unit disk for 
any element L of V. The same conclusion follows by continuity for every 
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element L of the closure of V. So the closure of F’ is disjoint from U. This 
completes the verification that U is a disk. 
If c is an element of B which does not belong to C, then Theorem 1 can be 
used to produce an element L of U such that Lc does not belong to the unit disk 
of the real numbers. 
Proof of Theorem 12. Assume that every disk for the strongest locally 
convex topology of B whose closure is equal to its closure for the strongest 
locally convex topology is a disk. If S is a closed and bounded subset of B*, 
let U be the set of elements of B which map S into a disk of radius less than 
one about the origin in the real numbers. Since S is bounded, U is a disk for 
the strongest locally convex topology of B. The closure of U is the set of elements 
of B which map S into the closure of the unit disk of the real numbers. Since 
this is also the closure of U for the strongest locally convex topology, U is a disk. 
By Theorem 10, the set C of elements of B* which map U into the unit disk 
of the real numbers is compact. Since S is a closed subset of C, it is compact. 
Assume that every closed and bounded subset of B* is compact. Let U be 
a disk for the strongest locally convex topology of B whose closure is equal to 
its closure for the strongest locally convex topology. It will be shown that U is 
a disk. With no loss of generality it can be assumed that U is centered at the 
origin. Let C be the set of elements of B* which map U into the unit disk of 
the real numbers. Since U is a disk for the strongest locally convex topology, 
C is bounded. Since C is also closed, it is compact. Since the closure of U is 
equal to its closure for the strongest locally convex topology, C is the set of 
elements of B* which map the closure of U into the closure of the unit disk 
of the real numbers. Theorem 1 can be used to show that the closure of U is 
the set of elements of B which map C into the closure of the unit disk of the 
real numbers. Since the closure of U is equal to its closure for the strongest 
locally convex topology, U is the set of elements of B which map C into the 
unit disk of the real numbers. By Theorem 11, U is a disk. 
Proof of Theorem 13. The proof is similar to the proof of Theorem 1 except 
that the maximal convex set C need not be closed. The subdisk hypothesis 
implies that the intersection of C with every compact convex set is closed. 
This condition implies that L is continuous on compact convex sets. 
Proof of Theorem 14. The proof is &nilar to the proof of Theorem 2 except 
that C and its intersection with U are sets with compact closure. 
Proof of Theorem 15. The proof is similar to the proof of Theorem 3 except 
that C and its intersection with B are sets with compact closure. 
Proof of Theorem 16. Let ‘%? be the class of sets which are intersections of 
complements of subdisks. By Theorem 15, the class is closed under finite 
unions. As in the proof of Theorem 4, the sets of class V are the closed sets of 
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a locally convex topology. Every closed set for the given topology is of class @. 
A convex set of class %? has a closed intersection with every weakly compact 
convex set. A linear functional is continuous for the subdisk topology if, and 
only if, the inverse image of every closed convex set has a closed intersection 
with every compact convex set. An equivalent condition is that the linear 
functional is continuous on compact convex sets. It follows that every weakly 
compact convex set with respect to the given topology is weakly compact 
with respect to the subdisk topology. Since the identity transformation of B 
into itself is continuous from the subdisk topology into the disk topology, the 
two weak topologies coincide on every compact convex set. It follows that the 
subdisks for the given topology are the subdisks for the subdisk topology and 
that the subdisk topology is subdisked. 
Proof of Theorem 17. The space B* is clearly contained in the space A* 
and the weak topology of B* is clearly equal to the subspace topology of the 
weak topology of A*. By Theorems 10, 11, and 16, the disk topology of B* 
is the subspace topology of the disk topology of A*. Since the disk topology 
of A * amounts to uniform convergence of linear functionals on compact subsets 
of A and since continuity is preserved under uniform limits, A* is complete 
in its disk topology. 
It remains to show that B* is dense in A* in its disk topology. To see this 
observe that the dual space of A* in its disk topology is equal to 4. By Theo- 
rem 1, it must be shown that no nonzero element of A annihilates every 
element of B*. This is true because every element of A is an element of B and 
because the space B is locally convex. 
Proof of Theorem 18. The proof is similar to the proof of Theorem 5 except 
that the closure of V is now assumed to be a weakly compact subset of A. 
Since T is weakly continuous, the closure of the image of V in B is weakly 
compact. 
Proof of Theorem 19. The theorem follows immediately from Theorems 7 
and 16. 
Proof of Theorem 20. With no loss of generality it can be assumed that B 
is complete in its disk topology. Let A be the set of all continuous linear 
functionals on S, considered in the topology of uniform convergence. Let C be 
the set of all positive linear functionals on A which are one on the constant 
function one. Then C is compact in the weak topology induced by A. If P 
belongs to C, it may be that an element b of B exists such that the identity 
PL = Lb holds for every element L of B *. The set of such positive linear func- 
tionals P, which have a center of mass b in B, is dense in C considered in the 
disk topology of its vector span. The transformation which assigns each such 
positive linear functional its center of mass is continuous from the weak topology 
of C into the weak topology of B. By Theorem 5, the transformation is continuous 
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from the disk topology of C into the disk topology of B. Since B is complete 
in its disk topology, every element of C has a center of mass in B. The image 
of C in B is a weakly compact convex set containing S. 
Proof of Theorem 21. The theorem follows immediately from Theorems 10 
and 16. 
Proof of Theorem 22. The theorem follows immediately from Theorems 11 
and 16. 
Proof of Theorem 23. With no loss generality, it can be assumed that S is 
a convex set which is centered at the origin. Let B* be the dual space of B in 
the weak topology induced by B. The theorem is proved by showing that the 
set of elements of B* which map S into the unit disk of the real numbers is a 
subdisk of B*. Let C the a convex subset of B* whose closure is compact and 
which contains no element which maps S onto the unit disk of the real numbers. 
It will be shown that no element of the closure of C maps S into the unit disk 
of the real numbers. This is done by verifying the minimax identity 
sup inf cs = inf sup cs 
where the greatest lower bounds are taken over all elements c of C and the 
least upper bounds are taken over all elements s of S. It is also verified that 
the minimax identity holds with the greatest lower bounds taken over all elements 
c of the closure of C. The theorem then follows because the left side of the 
minimax identity remains unchanged when the greatest lower bounds are 
taken over C instead of its closure. 
The minimax identity will first be verified in the case that C is compact. 
The left side t- of the proposed identity is clearly no greater than the right 
side t, . Argue by contradiction, assuming that t- is less than t, . Let A be 
the space of continuous real valued functions on C, considered in the topology 
of uniform convergence. Let U be the set of elements of A which are determined 
by elements of S. Then every element of U attains a minimum value on C 
which is no greater than t- . Let I/ be the set of elements of A whose values 
are all greater than or equal to t, . Since U and V are nonempty convex sets 
which are at a positive distance from each other, a continuous linear functional 
P on A exists which maps U and V into sets with disjoint closures. If the linear 
functional is chosen to be less on elements of U than it is on elements of V, 
then it is nonnegative on nonnegative elements of A. Since it is not zero, it 
can be chosen to be one on the constant function one. Then P maps U onto 
a set whose least upper bound t, is less than t, . If c is the center of mass of C 
with respect to P, then ES < t, for every element s of S, in contradiction of the 
definition of t, . 
This completes the proof of the minimax identity when C is compact. Another 
important special case occurs when C is contained in a finite dimensional space. 
454 LOUIS DE BRANGES 
The closure of C is then equal to its closure for the strongest locally convex 
topology. Since every element of B* maps S onto a compact set, the set of 
elements of B* which map S into the unit disk of the real numbers is a disk 
for the strongest locally convex topology. It follows that the closure of C contains 
no element of B* which maps S into the unit disk of the real numbers. And 
this in turn implies the minimax identity when C is contained in a finite dimen- 
sional space. 
The general case of the minimax identity is obtained by combining informa- 
tion obtained in the special cases C compact and C finite dimensional. If C is a 
convex set with compact closure, it is a union of finite dimensional convex 
subsets. And C can be regarded as a limit of such subsets ordered by inclusion. 
The right side of the minimax identity is obviously continuous in the limit. 
So the left side of the minimax identity must depend continuously in cases 
where the minimax identity has been established. This is the case when C 
is a compact convex set being approximated by finite dimensional convex 
subsets. But the left side of the minimax identity remains unchanged when C 
is replaced by its closure. It follows that the left side of the minimax identity 
depends continuously when C is a convex set with compact closure being 
approximated by finite dimensional convex subsets. The minimax identity 
follows for convex sets C with compact closure. This completes the proof of 
the theorem. 
Proof of Theorem 24. With no loss of generality, it can be assumed that B 
is disked and complete. Consider B in the weak topology induced by its dual 
space B*. By Theorem 23, it is sufficient to show that each element L of B* 
attains a maximum value on the closure of S. Let si , sa , ss ,..., be elements 
of S chosen so that 
sup Ls = lim Ls, 
where the least upper bound is taken over all elements s of S. Since the closure 
of a countable subset of S is assumed to be compact, an element s, of S exists 
such that 
Ls, = lim Ls,, 
and hence such that 
sup Ls = Ls, . 
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